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El e c t r o m a g n e t i c
radiation from
coated circular

cylinders with an axial
slot is a traditional topic
in wave theory. In the lit-
erature, numerous stud-
ies have previously exam-
ined the field characteris-
tics from such structures.

Investigations about the radiated field when
two axial slots of arbitrary size and position
exist are yet not considered.

A method was explained for determining
the radiation patterns of an axial slot antenna
on the surface of a metallic circular cylinder
(Sinclair, 1948 [7]). For a slot of arbitrary
shape an expression was derived for the exter-
nal generated field. The far field was obtained
by applying the method of steepest decent to
the Fourier integrals in the solution (Silver
and Saunders, 1950 [6]). Also, the radiation
patterns of an axial slot in a dielectric coated
circular cylinder were obtained with several
comparisons to experimental results (Hurd,
1956 [3]).In addition, the fields produced by an
arbitrary slot on a circular cylinder with a
cocentric dielectric coating were reached. The
far zone expressions were developed using a
saddle–point method applied to the derived
integrals (Wait and Mientka, 1957 [8]).

In this article, the TM field is investigated
for two small axial slots in a thin circular
cylinder coated with a lossless dielectric sub-
stance as shown in Figure 1. The cylinder is
assumed to be a perfect electric conductor
with radius a and with infinite extent along
the z–axis. Two slots are axially cut on the
surface of the cylinder with an angular open-

ing of 2θ1 and 2θ2 located at φ = φ1 and φ2
respectively with respect to the φ–coordinate.
Free space with permittivity ε0 and perme-
ability µ0 is assumed region II. Also, the
dielectric layer is assumed region I with
radius b and characterized by ε and µ respec-
tively. The dielectric material is assumed lin-
ear, homogenous and isotropic.

This article proposes an additional slot to
the circular cylinder with arbitrary size and
position which can be implemented to have
different field patterns than the single slotted

This paper provides an
analysis of an axial slot

antenna with two arbitrarily
positioned slots, which

might be used for Smart
Antennas and Multiple

Input Multiple Output
(MIMO) systems 

Figure 1  ·  Cross sectional view of the cylin-
der structure.
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cylinder. It is a very useful antenna structure that can be
helpful in producing more than one radiation lobe at
diverse directions and with different magnitudes.

Mathematical formulation and solution
Mathematical derivations start by solving the

Helmholtz scalar wave equation in r and φ in the cylin-
drical coordinate system. Going after the separation of
variables technique the result is the elementary wave
function that can be Bessel functions multiplied by har-
monic functions in r and φ respectively. Linear arrange-
ments of the elementary wave functions are also a solu-
tion to the Helmholtz scalar wave equation and thus the
summation over all possible values can be considered
(Barrow, 1936 [1] and Harrington, 2001 [2]).

In region II the electric field radiates from the com-
plete structure and as a result the Hankel function is
assumed in r and multiplied by a complex exponential in
φ as:

(1)

Similarly, in region I the electric field is represented
by a summation of Bessel functions in r multiplied by a
complex exponential in φ as:

(2)

In equations (1) and (2),

are Bessel functions of the first and the second type
respectively with order n and argument x. Also, Hn

(2)(x) is
the outgoing Hankel function of the second type with
order n and argument x. k and k0 are the dielectric coat-
ing and free space wave numbers respectively given by
k = 2π / λ where λ is the wavelength. The coefficients An,
αn and βn are the unknowns that should be determined by
applying the boundary conditions.

According to Figure 1, the tangential electric and mag-
netic fields are continuous at r = b for all φ and the tan-
gential electric field is zero at r = a for all φ except at the
slots. Also, the electric field at the slot aperture is
φ–dependent (Harrington, 2001 [2]). That is:

(3)

(4)

(5)

where E0p is the amplitude, p is 1 and 2 and
Hφ = (–i/ωµ)(∂Ez/∂r) (Wait, 1988 [9]).

In order to find αn and βn the boundary conditions in
equations (3) and (4) are applied to the field equations in
(1) and (2) using the relation (Mushref, 2005 [4]):

(6)

where both n and m are integers.
The coefficients αn and βn are then found as:

(7)

(8)

where the prime notation designates differentiation with
respect to the argument. Also,

From the boundary condition is equation (5) the An
coefficients are found to be:

(9)

where,

(10)

The asymptotic expression of the Hankel function for
large argument is given as (Hurd, 1956):

(11)

The radiated field in equation (1) can be evaluated at
a far point using equation (9) as:

(12)

where P(φ) is the far field pattern given by:
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(13)

In addition, the antenna gain and the aperture con-
ductance per unit length λ0 for the two slotted cylinder
are respectively found as (Richmond, 1989):

(14)

(15)

The Poynting vector in the equatorial plane at a far
point for r→∞ is given by the cross product of the electric
and magnetic fields in the radial direction as
(Harrington, 2001):

(16)

where the symbol * indicates the complex conjugate and
→ar is a unit vector in the radial direction.

The power radiates from the structure in all φ and as
a consequence, the total radiated power in the equatorial
plane can be found from the relation:

(17)

Using equations (16) and (17) with equation (9), Peq
per unit length λ0 can be obtained as:

(18)

where,

is known as the intrinsic impedance of free space.

Numerical Results and Discussions
The correctness of the expressions derived above can

be confirmed by several numerical computations. Due to
the convergence of the summation, the results obtained
are calculated for n from –30 to 30. Also, a slot size of
θ0 = π / 100 is assumed for computing field characteristics.

The antenna gain and the aperture conductance per
unit length λ0 are compared to the single slot case in

(Richmond, 1989). From equation (14), the antenna gain
is plotted versus the coating thickness as shown in Figure
2(a) at the slot location for φ1 = 0, 2θ1 = θ0, 2θ2 = 0, εr = 4,
µr = 1 and a = 2λ0. In addition, from equation (15) the
aperture conductance is shown in Figure 2(b) versus the
coating thickness for εr = 4, µr = 1 and a = 2λ0. As antici-
pated, great agreements can be observed from both curves
which can support the correctness of the equations
derived in this paper. Besides, convergence tests show
that a sufficient number of terms are used for the infinite
series produced in the solution.

Equations (14) and (15) for the two slots case are
shown in Figure 3. The gain at φ = 0 is plotted in Figure
3(a) for φ1 = 0, 2θ1 = 2θ2 = θ0, φ2 = π / 4, π / 2 and π, εr = 4,
µr = 1 and a = 2λ0. The shape is altered but without sig-
nificant enhancements. One can notice that the gain is
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Figure 2(a)  ·  Antenna gain versus coating thickness for
εεr = 4, µµr = 1 and a = 2λλ0, ——— (Richmond, 1989 [5]), 
- - - - calculated at φφ = 0 for φφ1 = 0; 2θθ1 = θθ0; 2θθ2 = 0.

Figure 2(b)  ·  Aperture conductance per unit length λλ0
versus coating thickness for εεr = 4, µµr = 1 and a = 2λλ0, 
——— (Richmond, 1989); - - - - calculated for one slot.
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generally smaller and approximately unchanging up to
b = 2.15 λ0 for all curves. Also, in Figure 3(b) the conduc-
tance is calculated for φ1 = 0, 2θ1 = 2θ2 = θ0, φ2 = π / 4, π / 2
and π, εr = 4, µr = 1 and a = 2λ0. We can see that the com-
mon shape is maintained but with smaller levels and the
surface wave peaks are not changed.

The far field pattern expressed in equation (13) is cal-
culated in Figure 4 and all patterns are normalized to the
maximum value of the single slot case. Figure 4(a) shows
a polar plot of the field pattern for one slot compared to
two slots for φ1 = 0, 2θ1 = 2θ2 = θ0, φ2 = π / 4, π / 2 and π,
εr = 4, µr = 1, a = 0.358λ0 and b = 0.4217λ0. As shown, the
field is improved and a symmetry is produced around

φ = π / 2 caused by the two slots. In Figure 4(b), the field
pattern is also illustrated for the same parameters except
εr = 1 and µr = 4. As expected, the radiation is also
enhanced with a symmetry around φ = π / 2.

The effects of slot size to radiation patters are shown
in Figure 5 compared to the single slotted cylinder. A
polar plot of the far field pattern is shown in Figure 5(a)
for φ1 = 0, φ2 = π, 2θ1 = θ0, 2θ2 = 2θ0 and 4θ0, εr = 4, µr = 1,
a = 0.3λ0 and b = 0.45λ0. Also, in Figure 5(b), patterns are
shown for the same parameters except εr = 1 and µr = 4.
One can observe that the patterns are highly enhanced as
the slot size increase.

The radiated power expressed in equation (18) is plot-

Figure 4(a)  ·  Radiation patterns for φφ1 = 0, 2θθ1 = θθ0,
a = 0.358λλ0, b = 0.4217λλ0, εεr = 4 and µµr = 1, –––– one
slot, · · · · 2θθ2 = θθ0, φφ2 = ππ / 4, - - - - 2θθ2 = θθ0, φφ2 = ππ / 2, 
-·-·-·-· 2θθ2 = θθ0, φφ2 = ππ.

Figure 4(b)  ·  Radiation patterns for φφ1 = 0, 2θθ1 = θθ0,
a = 0.358λλ0, b = 0.4217λλ0, εεr = 1 and µµr = 4, –––– one
slot, · · · · 2θθ2 = θθ0, φφ2 = ππ / 4, - - - - 2θθ2 = θθ0, φφ2 = ππ / 2, 
-·-·-·-· 2θθ2 = θθ0, φφ2 = ππ.

Figure 3(a)  ·  Antenna gain at φφ = 0 versus coating
thickness for εεr = 4, µµr = 1, a = 2λλ0, φφ1 = 0 and
2θθ1 = 2θθ2 = θθ0. –––– φφ2 = ππ / 4; - - - - ππ / 1; · · · · ππ.

Figure 3(b)  ·  Antenna conductance per unit length λλ0
versus coating thickness for εεr = 4, µµr = 1, a = 2λλ0,φφ1 = 0
and 2θθ1 = 2θθ2 = θθ0. –––– φφ2 = ππ / 4; - - - - ππ / 1; · · · · ππ.
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ted versus the coating thickness in Figure 6 compared to
the single slotted cylinder. In Figure 6(a), the total power
in the equatorial plane at r→∞ is shown for φ1 = 0,
φ2 = π / 4, π / 2 and π, 2θ1 = 2θ2 = θ0, εr = 4, µr = 1, a = 1λ0.
For the same parameters except for εr = 4 and µr = 1 the
radiated power is plotted in Figure 6(b). As expected,
more power is radiated from the two slotted cylinder than
the single slotted cylinder. Also, the radiated power and
the associated resonance peaks are almost the same
regardless of the position of the second slot.

Additionally, the total radiated power as r→∞ is plot-
ted in Figure 7 versus the size of the second slot in
degrees. All curves are normalized to Peq0, the equatorial

power for 2θ2 = 0. In Figure 7(a), the total power is shown
for φ1 = 0, φ2 = π / 4, π / 2 and π, 2θ1 = θ0, εr = 4, µr = 1, a =
1λ0 and b = 2λ0. Also, for the same parameters except for
εr = 4 and µr = 1 the radiated power is plotted in Figure
7(b). In both cases the radiated power increases as the
second slot size increases in approximately a nonlinear
manner.

Conclusion
A solution for the problem of two axial slots in a cir-

cular cylinder covered by a dielectric material was
derived. The TM case was considered and the radiated
fields were represented in terms of an infinite series of

Figure 6(a)  ·  Radiated power versus coating thickness
for φφ1 = 0, 2θθ1 = 2θθ2 = θθ0, εεr = 4, µµr = 1, and a = 1λλ0, 
–––– one slot; - - - - φφ2 = ππ / 4; · · · · φφ2 = ππ / 2; -·-·-·-
φφ2 = ππ.

Figure 6(b)  ·  Radiated power versus coating thickness
for φφ1 = 0, 2θθ1 = 2θθ2 = θθ0, εεr = 1, µµr = 4, and a = 1λλ0, 
–––– one slot; - - - - φφ2 = ππ / 4; · · · · φφ2 = ππ / 2; -·-·-·-
φφ2 = ππ.

Figure 5(a)  ·  Radiation patterns for φφ1 = 0, φφ2 = ππ,
2θθ1 = θθ0, a = 0.3λλ0, b = 0.45λλ0, εεr = 4 and µµr = 1; ––––
one slot; · · · · 2θθ2 = 2θθ0; - - - - 2θθ2 = 4θθ0.

Figure 5(b)  ·  Radiation patterns for φφ1 = 0, φφ2 = ππ,
2θθ1 = θθ0, a = 0.3λλ0, b = 0.45λλ0, εεr = 1 and µµr = 4, ––––
one slot; · · · · 2θθ2 = 2θθ0; - - - - 2θθ2 = 4θθ0.
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cylindrical waves. The solution clarified the consequences
of two slots with arbitrary size and position to the far field
characteristics. Several changes were discovered to the
antenna gain and the aperture conductance was obtained
with lower values. An increase in the slot size can enlarge
the radiated fields with some variations in the patterns.
Also, the radiated power in the two slotted cylinder is
greater than that in the single slotted cylinder. The radi-
ated power increases as the size of the slot increases.
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Figure 7(a)  ·  Normalized radiated power versus slot
size for φφ1 = 0, 2θθ1 = θθ0, εεr = 1, µµr = 4, a = 1λλ0, and b = 2λλ0; 
–––– φφ2 = ππ / 4; - - - - φφ2 = ππ / 2; · · · · φφ2 = ππ.

Figure 7(b)  ·  Normalized radiated power versus slot
size for φφ1 = 0, 2θθ1 = θθ0, εεr = 4, µµr = 1, a = 1λλ0, and b = 2λλ0; 
–––– φφ2 = ππ / 4; - - - - φφ2 = ππ / 2; · · · · φφ2 = ππ.
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